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Abstract
In this paper, it is proved that any conformal vector field is homothetic on a locally
projectively flat (α, β)-space of non-Randers type in dimension n ≥ 3, and the local
solutions of such a vector field are determined. While on a locally projectively flat
Randers space, examples show that the conformal vector fields are not necessarily
homothetic.
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1 Introduction
Conformal vector fields play an important role in Finsler geometry. When F is a Riemann
metric, the local solutions of a conformal vector field can be determined if F satisfies certain
curvature conditions (cf. [8] [10] [13] [14]). Some problems in Finsler geometry can be solved
by constructing a conformal vector field of a Riemann metric with certain curvature features
(cf. [2] [15]–[18]). For two conformally related Finsler metrics on a manifold, their conformal
vector fields coincide (Proposition 2.6 below).
A conformal vector field has some different equivalent definitions (see Section 2 below).
Every conformal vector field V is associated with a scalar function c called the conformal
factor. If c is a constant, V is said to be homothetic; if c = 0, V is said to be Killing.
As a special case of conformal vector fields, homothetic vector fields have some special
properties. For example, Huang-Mo obtain the relation between the flag curvatures of two
Finsler metrics F and F˜ , where F˜ is defined by (F, V ) under navigation technique for a
homothetic vector field V of F ([7]).
A Randers metric is defined by F = α + β, where α is a Riemann metric and β is a
1-form. In [11], Shen-Xia study conformal vector fields of Randers spaces under certain
curvature conditions. In [4], Huang-Mo show that a conformal vector field of a Randers
space of isotropic S-curvature must be homothetic. As a generalization of Randers metrics,
an (α, β)-metric is defined by
F = αφ(s), s = β/α,
where α is a Riemann metric, β is a 1-form and φ(s) is a function satisfying certain condi-
tions. An (α, β)-metric F = αφ(β/α) is said to be of Randers type, if φ(s) =
√
1 + ks2 + ǫs
for some constants k, ǫ. In [5], Kang characterizes the conformal vector fields of an (α, β)-
space by some PDEs in a special case φ′(0) 6= 0. Actually, we can obtain the same result
as in [5] without the condition φ′(0) 6= 0 and it only requires that the (α, β)-space be
non-Riemannian (see Proposition 2.7 below).
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It is the Hilbert’s Fourth Problem to study projectively flat metrics. A Finsler metric
is said to be locally projectively flat if its geodesics are straight in suitable local coordinate
systems. A Randers metric F = α+β is locally projectively flat if and only if α is of constant
sectional curvature and β is closed ([1]). Shen characterizes projectively flat (α, β)-metrics
of non-Randers type ([9]). In this paper, we will study conformal vector fields of projectively
flat (α, β)-spaces.
Let F = αφ(β/α) be an n(≥ 3)-dimensional locally projectively flat (α, β)-metric of non-
Randers type. It is known that F can be determined by a Riemann metric h of constant
sectional curvature µ and a closed and conformal 1-form ρ with respect to h which can be
locally expressed as (Lemma 3.1 below, or cf. [9] [17] [18] [13])
h =
2
1 + µ|x|2 |y|, ρ =
4
(1 + µ|x|2)2
{
− 2(λ+ µ〈e, x〉)〈x, y〉 + (1 + µ|x|2)〈e, y〉
}
, (1)
where λ, µ are constant numbers, and e = (ei) is a constant vector. Note that when F is
given, λ, µ, e in (1) are determined. We will use λ, µ, e in Theorem 1.1 below.
Theorem 1.1 Let F = αφ(β/α) be an n(≥ 3)-dimensional locally projectively flat (α, β)-
metric of non-Randers type with φ(0) = 1. Then any conformal vector field V of F is
homothetic. Further, put V = V i(x)∂/∂xi, and then related to (1), locally we have one of
the following cases:
(i) (µ = 0, λ = 0) V is given by
V i = −2τxi + qikxk + γi, (Qe = 0), (2)
In this case, F is flat-parallel and c in (19) is given by c = τ .
(ii) (µ = 0, λ 6= 0) V is given by
V i = qikx
k + γi, (Qe = −2λγ), (3)
In this case, c in (19) is given by c = 0, and so V is a Killing field.
(iii) (µ 6= 0) V is given by
V i = 2µ〈γ, x〉xi + (1− µ|x|2)γi + qikxk,
(〈γ, e〉 = 0, Qe = −2λγ), (4)
In this case, c in (19) is given by c = 0, and so V is a Killing field.
In the above, τ is a constant number, γ = (γi) is a constant vector, and Q = (qik) is a
constant skew-symmetric matrix.
Note that for λ 6= 0 in (4), we have Qe = −2λγ =⇒ 〈γ, e〉 = 0. Theorem 1.1 is not true
if F is a metric of Randers type. For a locally projectively flat Randers space, its conformal
vector field is not necessarily homothetic. The following is an example.
Example 1.2 Let F = α+ β be a Randers metric on a manifold M . Locally, define
α : =
2
1 + µ|x|2 |y|, β :=
1
λ(1 − µ|x|2) + 〈d, x〉
{
〈d, y〉 − 2µ(2λ+ 〈d, x〉)〈x, y〉
1 + µ|x|2
}
,
V i : = −2(λ+ 〈d, x〉)xi + |x|2di,
where the constant λ and the constant vector d = (di) 6= 0 satisfy |d|2 +4µλ2 = 0. It is easy
to see that F is locally projectively flat.
2
By Lemma 2.5 (i) below, the vector field V = (V i) is conformal on (M,α). It can be
directly verified that β (closed) and V satisfy (19) with
c =
λ(1− µ|x|2) + 〈d, x〉
1 + µ|x|2 (6= constant).
Thus by Proposition 2.7, V is a conformal vector field of (M,F ) with the conformal factor
c, and V is not homothetc.
We show in [12] [17] that F = α + ǫβ ± β2/α for a constant ǫ is of scalar flag curvature
in dimension n ≥ 3 if and only if F is locally projectively flat. By Theorem 1.1, we have the
following corollary.
Corollary 1.3 Let F = α + ǫβ ± β2/α be an n(≥ 3)-dimensional (α, β)-metric of scalar
flag curvature, where ǫ is a constant. Suppose V = V i(x)∂/∂xi is a conformal vector field
of F . Then V can be locally written in the form (2), (3), or (4).
In Theorem 1.1, the result remains the same for a locally projectively flat Randers metric
of isotropic S-curvature (Corollary 4.1 below). We also give the local structure of conformal
vector fields of a locally projectively flat (α, β)-metric with constant flag curvature (Corollary
4.3 below).
2 Conformal vector fields
Let F be a Finsler metric on a manifold M , and V be a vector field on M . Let ϕt be the
flow generated by V . Define ϕ˜t : TM 7→ TM by ϕ˜t(x, y) = (ϕt(x), ϕt∗(y)). V is said to be
conformal if (cf. [4])
ϕ˜∗tF = e
−2σtF, (5)
where σt is a function on M for every t. Differentiating (5) by t at t = 0, we obtain
XV (F ) = −2cF, (6)
where we define
XV := V
i ∂
∂xi
+ yi
∂V j
∂xi
∂
∂yj
, c :=
d
dt
|t=0σt. (7)
In (7), the function c is called the conformal factor.
Remark 2.1 ([4]) A vector field V is conformal satisfying (5) if and only if (6) holds for
some scalar function c. In this case, c and σt are related by
σt =
∫ t
0
c(ϕs)ds, c =
d
dt |t=0
σt. (8)
Remark 2.2 By (8), we easily see that ϕ˜∗tF = e
−2ctF for a scalar function c if and only if
c is constant along every integral curve of V .
Lemma 2.3 A vector field V on a Finsler manifold (M,F ) is conformal with the conformal
factor c if and only if
XV (F
2) = −4cF 2 (⇐⇒ XV (F ) = −2cF ), or V0|0 = −2cF 2. (9)
where | is the h-covariant derivative of Cratan (Berwald, or Chern) connection.
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Proof : By Remark 2.1, we only need to prove XV (F
2) = 2V0|0. Let
Gi = gimG
m =
1
4
{
[F 2]xkyiy
k − [F 2]xi
}
, Gki =
∂Gk
∂yi
, Gkij =
∂2Gk
∂yi∂yj
.
Then a direct computation shows that
XV (F
2) = V i(F 2)xi + 2
∂V i
∂xj
yiy
j = V i(F 2)xi + 2
∂Vi
∂xj
yiyj − 2 ∂yi
∂xj
V iyj ,
∂Vi
∂xj
yiyj = V0|0 + (G
k
j
∂Vi
∂yk
+ VkG
k
ij)y
iyj = V0|0 + 2G
k ∂Vi
∂yk
yi + 2VkG
k,
4VkG
k = 4V kGk = V
i{[F 2]xkyiyk − [F 2]xi
}
= 2V i
∂yi
∂xk
yk − V i(F 2)xi .
In the above three equations, plugging the second and third equations into the first one gives
XV (F
2) = 2V0|0 + 4G
k ∂Vi
∂yk
yi = 2V0|0,
where we have used ∂Vi∂yk y
i = 0. Q.E.D.
Lemma 2.4 Let β = bi(x)y
i be a 1-form, and V be a vector field on a Riemann manifold
(M,α) with α =
√
aijyiyj. Then we have
XV (α
2) = 2V0;0, XV (β) = (V
j ∂bi
∂xj
+ bj
∂V j
∂xi
)yi = (V jbi;j + b
jVj;i)y
i, (10)
where Vi := aijV
j and bi := aijbj, and the covariant derivative is taken with respect to the
Levi-Civita connection of α.
Lemma 2.5 Let α be a Riemann metric of constant sectional curvature µ on an n-dimensional
manifold M . Locally express α by
α =
2
1 + µ|x|2 |y|. (11)
(i) ([13]) (n ≥ 3) Let V be a conformal vector field of (M,α) with the conformal factor
c = c(x). Then locally we have
V i = −2(λ+ 〈d, x〉)xi + |x|2di + qirxr + ηi, c = λ(1 − µ|x|2) + 〈µη + d, x〉1 + µ|x|2 , (12)
where λ is a constant number, d, η are constant vectors and (qji ) is skew-symmetric.
(ii) (n ≥ 2) In (i), if additionally the 1-form Viyi is closed (Vi := aikV k), then
V i = −2(λ+ µ〈e, x〉)xi + (1 + µ|x|2)ei, c = λ(1− µ|x|
2) + 2µ〈e, x〉
1 + µ|x|2 . (13)
Proof : We prove in [13] that if α is locally conformally flat taking the local form
α = e
1
2
σ(x)|y|, (14)
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then V is a conformal vector field of α if and only if
∂V i
∂xj
+
∂V j
∂xi
= 0 (∀ i 6= j), ∂V
i
∂xi
=
∂V j
∂xj
(∀ i, j). (15)
In this case, c is given by
c(x) = −1
4
[
2
∂V 1
∂x1
+ V rσr
]
, σi := σxi . (16)
In [13], we show that when n ≥ 3, the solutions V i of (15) are given by (12). If α takes the
local form (11), then σ in (14) is given by
σ = ln
4
(1 + µ|x|2)2 .
For Case (i), by (16) and V in (12) we get c given by (12).
For Case (ii), if n ≥ 3, then since V0 is closed, it is easy to show that Q = 0 and d = µη
in (12). Thus we get V and c given by (13) (put η = e) from (12). If n = 2, then since
∂V 1/∂x2 = −∂V 2/∂x1 from (15), it follows that V0 is closed if and only if
∂V 2
∂x1
=
2µ(V 2x1 − V 1x2)
1 + µ|x|2 . (17)
Solving the system (15) and (17) yields V in (13). Then it follows from (16) that c is given
by (13). Q.E.D.
Proposition 2.6 Let (M,F ) and (M, F˜ ) be conformally related with F˜ = eσ/2F for a scalar
function σ. Then V is a conformal vector field of (M,F ) iff. V is a conformal vector field
of (M, F˜ ). Further, their conformal factors c and c˜ are related by
c˜ = c− 1
4
V (σ). (18)
Proof : Assume that V is a conformal vector field of (M,F ) with the conformal factor
c. Then by Lemma 2.3 we have
XV (F
2) = −4cF 2.
Thus we have
XV (F˜
2) = XV (e
σF 2) = XV (e
σ)F 2 + eσXV (F
2) =
[
V (σ) − 4c]F˜ 2,
which, by Lemma 2.3 again, implies that V is also a conformal vector field of (M, F˜ ), and
the conformal factor c˜ is given by (18). Q.E.D.
A conformal vector field of an (α, β)-metric is characterized in the following proposition,
which has been proved by Kang in [5] under an additional condition φ′(0) 6= 0.
Proposition 2.7 Let F = αφ(β/α) be a non-Riemannian (α, β)-metric with φ(0) = 1, and
V = V i(x)∂/∂xi be a vector field. Then V is a conformal vector field of F with the conformal
factor c if and only if
Vi;j + Vj:i = −4caij , V jbi;j + bjVj;i = −2cbi, (19)
where c is a scalar function, Vi and b
i are defined by Vi := aijV
j and bi := aijbj, and the
covariant derivatives are taken with respect to the Levi-Civita connection of α.
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Proof : By Lemma 2.3 , V is a conformal vector field of F iff. XV (F
2) = −4cF 2. A
direct computation shows that
XV (F
2) = φ2XV (α
2) + 2α2φφ′
αXV (β)− βXV (α)
α2
= φ(φ− sφ′)XV (α2) + 2αφφ′XV (β).
Now plugging (10) into the above equation, we see that XV (F
2) = −4cF 2 is written as
V0;0 + αQ(V
ibj;i + b
iVi;j)y
j = − 2cφ
φ− sφ′α
2, (Q :=
φ′
φ− sφ′ ), (20)
where the covariant derivative is taken with respect to α.
In order to simplify (20), we choose a special coordinate system (s, ya) at a fixed point
on a manifold as usually used. Fix an arbitrary point x ∈ M and take an orthogonal basis
{ei} at x such that
α =
√√√√ n∑
i=1
(yi)2, β = by1.
It follows from β = sα that
y1 =
s√
b2 − s2 α¯,
(
α¯ :=
√√√√ n∑
a=2
(ya)2
)
.
Then if we change coordinates (yi) to (s, ya), we get
α =
b√
b2 − s2 α¯, β =
bs√
b2 − s2 α¯.
Let
V¯0;0 := Va;by
ayb, V¯1;0 := V1;ay
a, V¯0;1 := Va;1y
a, b¯0;i := ba;iy
a
Note that under the coordinate (s, ya), we have b1 = b, b¯0 = 0, but generally b¯0;i 6= 0.
Under the coordinate (s, ya), (20) is equivalent to
0 = b(bV¯1;0 + V
ib¯0;i)Q+ (V¯1;0 + V¯0;1)s, (21)
0 =
[
b(2bc+ V ib1|i + bV1|1)sQ+ 2b
2c+ V1|1s
2
]
α¯2 + (b2 − s2)V¯0|0. (22)
For (21), we will prove
bV¯1;0 + V
ib¯0;i = 0, V¯1;0 + V¯0;1 = 0. (23)
If bV¯1;0 + V
ib¯0;i 6= 0 at a point, then we have Q = ks for some constant k. Solving Q = ks
with φ(0) = 1 we get φ(s) =
√
1 + ks and hence F is Riemannian. So we must have the first
equation in (23). By (21) again, we have the second equation in (23).
For (22), we will prove
V¯0;0 = −2cα¯2, V ib1|i + bV1|1 = −2bc, V1|1 = −2c. (24)
Putting s = 0 in (22) we have V¯0;0 = −2cα¯2. By this, (22) is reduced to
b(2bc+ V ib1|i + bV1|1)Q+ (V1|1 + 2c)s = 0. (25)
Similar to the analysis of (21), we obtain the second and third equations of (24).
Finally, (19) immediately follows from (23) and (24). Q.E.D.
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3 Proof of Theorem 1.1
To prove Theorem 1.1, we first show the following key Lemmas 3.1 and 3.3.
Lemma 3.1 ([9] [17] [18]) Let F = αφ(s), s = β/α, be an n(≥ 3)-dimensional (α, β)-
metric, where φ(0) = 1. Suppose that β is not parallel with respect to α and F is not of
Randers type. Then F is locally projectively flat if and only if φ(s) satisfies{
1 + (k1 + k3)s
2 + k2s
4
}
φ′′(s) = (k1 + k2s
2)
{
φ(s) − sφ′(s)},
and α, β are determined by
h =
√
u(b2)α2 + v(b2)β2, ρ = w(b2)β, (b2 := ||β||2α), (26)
where k1, k2, k3 are constants satisfying k2 6= k1k3, h is a Riemann metric of constant
sectional curvature and ρ is a closed conformal 1-form with respect to h, and u = u(t) 6=
0, v = v(t), w = w(t) 6= 0 satisfy the following ODEs:
u′ =
v − k1u
1 + (k1 + k3)t+ k2t2
, (27)
v′ =
u(k2u− k3v − 2k1v) + 2v2
u[1 + (k1 + k3)t+ k2t2]
, (28)
w′ =
w(3v − k3u− 2k1u)
2u
[
1 + (k1 + k3)t+ k2t2
] . (29)
Remark 3.2 We can have different suitable choices of u, v, w satisfying (27)–(29). A suit-
able choice of the triple (u, v, w) can be taken as ([18])
u = e2χ, v = (k1 + k3 + k2b
2)u, w =
√
1 + (k1 + k3)b2 + k2b4 e
χ,
where χ is defined by
2χ :=
∫ b2
0
k2t+ k3
1 + (k1 + k3)t+ k2t2
dt.
Lemma 3.3 Let α =
√
aijyiyj be a Riemann metric and β = biy
i be a 1-form and V =
V i∂/∂xi be a vector field on an n-dimensional manifold M . Define a Riemann metric
h =
√
hij(x)yiyj and a 1-form ρ = pi(x)y
i by
h =
√
u(b2)α2 + v(b2)β2, ρ = w(b2)β, (b2 := ||β||2α), (30)
where u = u(t) 6= 0, v = v(t), w = w(t) 6= 0 are arbitrary smooth functions. Then α, β and
V satisfy (19) if and only if
V0|0 = −2ch2, V jpi|j + pjVj|i = −2cpi, (31)
where pj := hijpi, Vj := hijV
i and the covariant derivative is taken with respect to the
Levvi-Civita connection of h.
Proof : Assume (19) holds. Let XV be defined by (7). We have
XV (b
2) = 2V jbibi;j
= 2(−2cb2 − bibjVi;j), (by the second equation of (19))
= 0, (by the first equation of (19)). (32)
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By (19) and (10) we get
XV (α
2) = −4cα2, XV (β) = −2cβ. (33)
Therefore, it follows from (30), (32) and (33) that
XV (h
2) = u′(b2)XV (b
2)α2 + v′(b2)XV (b
2)β2 + u(b2)XV (α
2) + v(b2)XV (β
2)
= u(b2)XV (α
2) + v(b2)XV (β
2)
= −4c[u(b2)α2 + v(b2)β2]
= −4ch2, (34)
XV (ρ) = w
′(b2)XV (b
2)β + w(b2)XV (β) = w(b
2)XV (β)
= −2cw(b2)β = −2cρ. (35)
Now (31) follows directly from (34), (35) and Lemma 2.4.
Conversely, assume (31) holds. Then we can prove that (19) holds in a similar way as
above, since we can express α and β in terms of h, ρ and the norm of ρ with respect to h.
This completes the proof of the lemma. Q.E.D.
Remark 3.4 In (30), take u(b2) = 1− b2, v(b2) = b2−1, w(b2) = b2−1, and then (h, ρ) is
called the navigation data for a Randers metric F = α+β under navigation representation.
The method used in the proof of Lemma 3.3 also gives a brief proof to Proposition 3.1 in
[11] for the case of Randers metrics (cf. the long proof therein).
Proof of Theorem 1.1 : Let F = αφ(β/α) be an (α, β)-metric (not of Randers type)
satisfying the conditions in Theorem 1.1.
Condition (i): Suppose β is not parallel with respect to α.
Define h and ρ by (30) (or (26)), where u = u(t) 6= 0, v = v(t), w = w(t) 6= 0 are a
suitable choice satisfying the ODEs (27)–(29). Then by Lemma 3.1, h is a Riemann metric
of constant sectional curvature µ and ρ is a closed conformal 1-form. Since V is a conformal
vector field of F , V satisfies (19) by Proposition 2.7. Then by Lemma 3.3, V satisfies (31).
Since h is of constant sectional curvature µ and ρ is closed and conformal, h and ρ can
be taken as the local form (1) by Lemma 2.5 (ii). Therefore, to prove Theorem 1.1, we only
need to solve V from (31) with h and ρ being given by (1).
Since V is a conformal vector field of h by the first equation of (31), it follows from
Lemma 2.5 (i) that V can be locally expressed as
V i = −2(τ + 〈η, x〉)xi + |x|2ηi + qirxr + γi, (36)
where τ is a constant number, η, γ are constant vectors and Q = (qji ) is a skew-symmetric
constant matrix. In this case, it follows from (12) that c in (31) is given by
c =
τ(1 − µ|x|2) + 〈µγ + η, x〉
1 + µ|x|2 , (37)
The second equation in (31) is equivalent to
V j
∂pi
∂xj
+ pj
∂V j
∂xi
= −2cpi, (38)
and pi in (1) is given by
pi =
4
(1 + µ|x|2)2
{
− 2(λ+ µ〈e, x〉)xi + (1 + µ|x|2)ei
}
(39)
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Now plugging (36), (37) and (39) into (38) yields an equivalent equation of a polynomial
in (xi) of order four, in which every order must be zero. Then we respectively have (from
order zero to order four)
Qe = −2λγ, (40)(〈η − µγ, e〉+ 2λτ)xi − (ηi + µγi)〈e, x〉 = 0, (41)[
λ(ηi − µγi)− µqikek
]|x|2 + µ[2λ〈γ, x〉+ 4τ〈e, x〉 − 〈e,Qx〉]xi = 0, (42)[
µ(〈η − µγ, e〉 − 2λτ)xi − µ〈e, x〉(ηi + µγi)]|x|2 + 2µ〈e, x〉〈η + µγ, x〉xi = 0, (43)
µ
[
(2ληi − µqikek)|x|2 − 2〈2λη − µQe, x〉xi
]
= 0. (44)
Step A: Assume µ = 0. Then by (42) we have λ = 0 or η = 0. Contracting (41) by xi and
using µ = 0, we obtain (〈η, e〉+ 2λτ)|x|2 − 〈η, x〉〈e, x〉 = 0,
which implies
〈η, e〉+ 2λτ = 0, η = 0 or e = 0. (45)
By (40) and (45), it is easy to see that (40)–(44) are equivalent to one of the following three
cases:
λ = 0, η = 0, Qe = 0, (µ = 0); (46)
λ = 0, e = 0, (µ = 0); (47)
η = 0, τ = 0, Qe = −2λγ, (µ = 0). (48)
Step B: Assume µ 6= 0. Then by (44) we get
2λη − µQe = 0. (49)
Now plugging (40) into (49) yields
λ = 0, or η = −µγ. (50)
Contracting (41) by xi we have
〈η − µγ, e〉+ 2λτ = 0, (ηi + µγi)e = 0. (51)
Case I: Assume λ = 0 (see (50)). Then by (51) we have
e = 0, or η = −µγ and 〈η, e〉 = 〈γ, e〉 = 0. (52)
Case Ia: Assume e = 0 (see (52)). In this case, we have
λ = 0, e = 0, (µ 6= 0), (53)
which implies (40)–(44) automatically hold.
Case Ib: Assume η = −µγ and 〈η, e〉 = 〈γ, e〉 = 0 (e 6= 0) (see (52)). Plug λ = 0 and
Qe = 0 (see (40)) into (42) and then we get τ = 0. So in this case, we have
λ = τ = 0, 〈η, e〉 = 〈γ, e〉 = 0, Qe = 0, η = −µγ, (µ 6= 0), (54)
which implies (40)–(44) automatically hold.
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Case II: Assume η = −µγ (see (50)). By (51) we have
〈γ, e〉 = λτ
µ
. (55)
Plugging (40) and η = −µγ into (42) yields
τ = 0, or e = 0. (56)
Now it follows from η = −µγ, (40), (55) and (56) that
η = −µγ, τ = 〈γ, e〉 = 0, Qe = −2λγ, (µ 6= 0), (57)
which implies (40)–(44) automatically hold.
Summing up the above discussions, we have six conditions: (46)–(48), (53), (54) and
(57). However, it is easy to show (54) ⇒ (57), and either (47) or (53) implies F = α is
Riemannian since β = ρ = 0 by (30) and (39). Therefore, we have three independent cases:
(46), (48) and (57). Now plug (46), (48) and (57) into (36) respectively, we obtain (2), (3)
and (4). Then by (37), we can get c in the three cases.
Condition (ii): Suppose β is parallel with respect to α.
Since F is locally projectively flat, α is also locally projectively flat and then is of constant
sectional curvature µ. If β = 0, then F = α is Riemannian, which is excluded. If β 6= 0,
then µ = 0 and so F is flat-parallel (α is flat and β is parallel). In this case, β is also a
closed 1-form which is conformal with respect to α. By Proposition 2.7, we only need to
solve V from (19), which is just the case (46), since we can put bi in the form of the right
hand side of (39) with µ = λ = 0, and thus V is given by (2). Q.E.D.
4 Homothetic fields of Randers or square metrics
In Theorem 1.1, if F = α+ β is a Randers metric, we can obtain the same result by further
assuming that F is of isotropic S-curvature.
Corollary 4.1 Let F = α + β be a locally projectively flat Randers metric of isotropic S-
curvature. Then any conformal vector field V of F is homothetic, and V can be locally
written in the form (2), (3), or (4).
Proof : Since β is closed, F is of isotropic S-curvature S = (n + 1)τF for some scalar
function τ = τ(x) if and only if ([3])
bi;j = 2τ(aij − bibj), (58)
where the covariant derivative is taken with respect to the Levi-Civita connection of α.
Define a Riemann metric h =
√
hijyiyj and a 1-form ρ = piy
i by
h := α, ρ :=
1√
1− b2β, (b
2 := ||β||2α). (59)
Under the deformation (59), it can be directly verified that (58) is equivalent to
pi|j =
2τ√
1− b2 hij (= −2chij), (60)
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where the covariant derivative is taken with respect to the Levi-Civita connection of h. It
follows from (60) that ρ is a closed 1-form which is conformal with respect to h. Besides, h
is of constant sectional curvature ([1]). Thus we can express h and ρ locally by (1). Now by
the proof shown in Theorem 1.1, we get the conclusions in this corollary. Q.E.D.
Now we consider conformal vector fields of (α, β)-metrics which are locally projectively
flat with constant flag curvature. By [6] [16], if F is an n(≥ 2)-dimensional locally projec-
tively flat (α, β)-metric with constant flag curvature, then F is flat-parallel, or F = α+ β is
a metric of Randers type, or F = (α+ β)2/α is metric of square type.
Lemma 4.2 Let F be an n(≥ 2)-dimensional locally projectively flat Randers metric or
square metric. Define h and ρ by (59) for a Randers metric F = α+β, or by h := (1− b2)α
and ρ :=
√
1− b2β for a square metric F = (α+β)2/α. Then F is of constant flag curvature
iff. h and ρ can be locally given by (1) with the relation
(1 + 4|e|2)µ+ 4λ2 = 0. (61)
We omit the proof of Lemma 4.2. By Theorem 1.1 and Lemma 4.2, we can easily prove
the following corollary.
Corollary 4.3 Let F be an n(≥ 2)-dimensional locally projectively flat Randers metric or
square metric with constant flag curvature. Then any conformal vector field V of F is
homothetic. Further, put V = V i(x)∂/∂xi, and then related to h and ρ defined by (1)
satisfying (61), locally we have one of the following cases:
(i) (µ = 0, λ = 0) V is given by
V i = −2τxi + qikxk + γi, (Qe = 0),
In this case, F is flat-parallel and c in (19) is given by c = τ .
(ii) (µ < 0) V is given by
V i = 2µ〈γ, x〉xi + (1− µ|x|2)γi + qikxk,
(
Qe = −2λγ),
In this case, c in (19) is given by c = 0, and so V is a Killing field.
In the above, τ is a constant number, γ = (γi) is a constant vector, and Q = (qik) is a
constant skew-symmetric matrix.
References
[1] S. Bacso and M. Matsumoto, On Finsler Spaces of Douglas type. A generalization of
the notion of Berwald space, Publ. Math. Debrecen, 51 (1997), 385-406.
[2] D. Bao, C. Robles and Z. Shen, Zermelo navigation on Riemann manifolds, J. Diff.
Geom. 66 (2004), 391-449.
[3] X. Cheng and Z. Shen, Randers metrics with special curvature properties, Osaka J.
Math., 40(2003), 87-101.
[4] L. Huang and X. Mo, On conformal fields of a Randers metric with isotropic S-
curvature, Illinois J. of Math., 57(3) (2013), 685-696.
11
[5] L. Kang, On conformal vector fields of (α, β)-spaces, preprint.
[6] B. Li and Z. Shen, On a class of projectively fat Finsler metrics with constant flag
curvature, Int. J. of Math., 18(7) (2007), 1-12.
[7] X. Mo and L. Huang, On curvature decreasing property of a class of navigation prob-
lems, Publ. Math. Debrecen, 71 (1-2) (2007), 141-163.
[8] Y. Shen, General solutions of some differential equations on Riemannian manifolds,
J. of Math. Res. and Exp. 2 (1982), 55-60.
[9] Z. Shen, On projectively flat (α, β)-metrics, Canadian Math. Bull., 52(1)(2009), 132-
144.
[10] Z. Shen and H. Xing, On Randers metrics of isotropic S-curvature, Acta. Math. Sin.,
English Series, 24(2008), 789-796.
[11] Z. Shen and Q. Xia, On conformal vector fields on Randers manifolds, Sci. in China,
55 (9) (2012), 1869-1882.
[12] Z. Shen and G. Yang, On square metrics of scalar flag curvature, Israel J. Math., 2016
(Accepted).
[13] G. Yang, On Randers metrics of isotropic S-curvature, Acta Math. Sin., 52(6)(2009),
1147-1156 (in Chinese).
[14] G. Yang, On Randers metrics of isotropic S-curvature II, Publ. Math. Debreceen,
78(1) (2011), 71-87.
[15] G. Yang, On a class of two-dimensional Douglas and projectively flat Finsler metrics,
The Sci. World J., 291491 (2013) [11 pages] DOI: 10.1155/2013/291491.
[16] G. Yang, On a Class of Two-Dimensional Projectively Flat Finsler Metrics with Con-
stant Flag Curvature, Acta. Math. Sinica, 29 (5) (2013), 959-974.
[17] G. Yang, On a class of Finsler metrics of scalar flag curvature, preprint.
[18] C. Yu, Deformations and Hilbert’s Fourth Problem, Math. Ann., 365 (2016), 1379-
1408.
Guojun Yang
Department of Mathematics
Sichuan University
Chengdu 610064, P. R. China
yangguojun@scu.edu.cn
12
